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The reductive Taniuti-Wei method is used to obtain the Burgers equation for a wave 
propagating in an infinite stout-wall tube. 

1. Introduction 

Recently the Burgers equat ion for a wave propa-
gating in a thin-wall tube has been found [1], It 
seems to be more realistic to consider the irrotational 
mot ion of fluid in straight infinite stout-wall tube 
to take into account dissipation of energy and the 
nonlineari ty of the compressible m e d i u m . The fluid 
wave equat ions are presented by 

(i) the equat ion of continuity 

[(h + B)r2], + [(h + B)r2V]x = 0, (1.1) 

(ii) the Euler equat ion 

d(h + B)(V,+ VVx) + hx-pCVxx = 0 , (1.2) 

(iii) the Newton equat ion (see Appendix) 

(h + B) r 
gm(2r + h)hhn = 3 \{r + h)q-

C 
(1.3) 

+ 
b2 qb: a2(h + B) (qC — B — h) a2 b2 

C C(r + h) r 

where the subscripts x and t indicate part ial d i f fer-
entiations, h is the wall thickness of the tube, V, p, 
and ß are the velocity, viscosity and density of the 
l iquid, respectively, p is the inside pressure of the 
l iquid, /• the inside radius of the tube, d the constant 
described by g = d • p, gm the density of the material 
of the tube, q the outside pressure of the l iquid, 
a, b the inside and outside radii of the tube in the 
undis turbed state, respectively, 

H = b - a , 
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c --
(1 - v) a2 + (1 + v)ab 

B = 

E(a + b) 

_ (1 - v) b2+ (1 + v)ab 
q~H, 

E(a + b) 

E Young's modulus , and v the Poisson constant. 
Using the following symbols 

l^gm(a2~b2)C, l2 = q(a2 — b2) C, 

= a2 - b2, U = qb2C, 

/5 = a2 b2 q C, /6 = a2 b2, 

it is useful to rewrite (1.3) in the form 

/, rh(r + h)(2r + h) h„ 

= 3 {r (/• + h) [l2 (r + /;) - l3 r (h + B)] (1.4) 

+ h[r{r + h) (U ~ a2(h + B)) + l5-l6(B + A)]}. 

2. The Reductive Method 

The co-called Taniut i -Wei method [2] is an 
a t tempt to reduce the above set of Eqs. (1.1), (1.2), 
(1.4) to a single equat ion describing the evolution of 
the paramete rs h, K r. In order to arrive at this gool 
we int roduce a small parameter e and stretch the 
coodinates as follows: 

Q = e(x+V0t), z = e2t. (2.1) 

Having in mind the fo rms of the derivatives of ^ 
and r, the fundamenta l set of equat ions can be 
rewritten as follows: 

[(h + B)r2(V+ Vo)h + E[(h + B)r2]T= 0 , (2.2) 

d • (h + B)[(V+ V0) V( + e VT] + (h-epCVi)t = 0 , 
(2.3) 
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/, rh(r + h)(2r + h) 

• (e2V0
2hii + 2e3 V0h(r + e4hTT) 

= 3 {r(r + h)[l2(r + h) - l3r(h + B)] (2.4) 

+ h[r(r + h) (U ~ a2(h + B)) + ls-l6(B + A)]}. 

N o w we expand the dependent variables a round the 
undis turbed uniform state as a power series in 
terms of e: 

r = a + erx + e r2 + ..., 

h =H + ehx + e2h2+ ..., 

V= V0 + sVl + E2V2+... , 

(2.5) 

(2.6) 

(2.7) 

Substituting these expressions into (2 .2 ) - (2 .4 ) and 
equat ing coefficients of the same power in s, we 
obta in 

[2 V0hx + (H+B) V{U = 0, (2.8) 

[hi+2d(H + B) F0 K,]4 = 0 , (2.9) 

L, r, + L2hx = 0 , (2.10) 

where 

Lx=a(a + H)[l2-l3(H + B)] + (2a + H) 

• {[l2(a + H)-l3a(H + B)] + H[l4 ~a2{H + 5)]}, 

L2 = a[{a + H)(2l2- l3a)- l3a(H + B)] 

+ a[l4-a2(H+ B)]{2H + a) 

- H[a3(a + H) + l6) + /5 -l6(H + B). 

Taking into account these equat ions, we get 

Vo2 = j-d, (2.11) 

Vx=Rhx, (2.12) 

r, = PIh. (2.13) 

In (2.12) and (2.13) we have used the notat ions 

- 2 V0 L2 
R = - , P = - . 

H + B Lx 

Equat ing the coefficients of the same powers in E2 

in (2 .2) - (2 .4) , we find the following expressions: 

2Vq(H + B) • 
; rf + 2 V0 h2 
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(h2-MCVie)i 

+ d(H+B)[2V0V2( + VXVH+ Vu] 

+ 2d V0 F1(* = 0 , (2.15) 

5 , rf + S 2 r] h\ + S3r2 + S4 h2 + S5 h2 = 0 , (2.16) 

where we used the symbols 

5 , = al2-2al3(H + B) 

+ [2l2- h(H + B)](a + H) + [U-a2(H + B)] H, 

52 = (a + H){2 [l4 — a2 (H + B)] — a2 H — 2a I3 + 2l2} 

- 2 a l3(H + B) + 2al2- a2l3 - a3 H, 

53 = (a + H) {2a [l2 - l3(H + B)] + (a + H) l2) 

- l3a2(H + B) + H[l4- a2(H + B)](2a + H), 

54 = a (a + H)[l2 — a l3] 

+ a [l2{a + H) - l3a(H + B)] 

- l6H + l 5 - l 6 ( f f + B)- a3(a + H) H 

+ [/4 - a2{H + 5 ) ] [aH + a(a + H)], 

55 = al2- a213- a3 H - a3{a + PT) 

+ [l4- a2(H + B)]a. 

Using (2.12) and (2.13), f rom (2 .14) - (2 .16) we 
obta in 

Qh] + S3r2 + S4h2 = 0, (2.17) 

[G, P2 hf + 2V0h2+G2 V2 + Rh]]( + hu = 0, (2.18) 

(h2 - M CR h, + G3 [2 V0 V2i + R2 h, hH + Rh, T] 

+ 2dV0Rhihlt = 0, (2.19) 

where 

G\ = 2 ? G2 = H + B, 

G3 = d • G2, Q = S\P2 + S2P + S5. 

From these equations, having in mind (2.11), one can 
find a single equat ion in h\, known as Burgers 
equa t ion : 

h\z+ a h{ + ßh\zz = 0. (2.20) 

-I- (H+ B) [V2+ h\ V\\z + h\z= 0 , (2.14) 

The nonl inear (a) and dissipative (ß) coefficients 
are described by the formulas 

G2 ]V2 — 2Vq G3 IF, - H S4 CR G2 1 = 777 . ß = ~ 
W, W, 
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where 

Wx = 2(Si P2 + R) S4- 4QV0, 

W2 = (Id- Vq+GiR) RS4-2Q, 

W3={G2R-2Vo) G3S4. 

In a different context, the Burgers equat ion and 
its solutions have been discussed in some detail , see 
e.g. [3] and references. 

The classical solution of this equat ion was found 
by the author using the bil inear Hirota me thod [4]: 

lh = 
go + Z) exp t] 

./o + Z 2 exp y] 
(2.21) 

where 

}] = Kt + co r , 

q ( 7 o Z i -g0Z2) 
K = , co 

2 £ / O Z 2 

ßK2(g0 Z2 +/ÖZ[) 

9OZ2 - /o Z , 

and all the physical constants go,fo> Z2 may be 
obta ined f rom the initial conditions. 

3. Summary 

The discussion of an incompressible fluid that is 
confined within an infinitely long circular cylinder 
(with an elastic circular wall) leads to the Korteweg-
de Vries equat ion [5], It seems to be interesting to 
ask how the Korteweg-de Vries equation is modif ied 
if also effects of dissipation are taken into con-
siderat ion [6]. The Korteweg-de Vries-Burgers 
equat ion has previously been derived in a t tempts to 
model the flow of blood through an artery. 

In this paper a theory of nonlinear waves has 
been developed on the basis of the reductive method 
to obtain the Burgers equat ion for a wave propaga-
tion in an infinite stout-wall tube taking into 
account some physical effects such as nonlineari ty 
and dissipation of the med ium. 

It is worth noticing that the fo rmula (2.11), which 
describes the velocity of a l inear wave, has a s impler 
form than the same formula for a wave in an 
infinite thin-wall tube. 

The au thor would like to express his cordial 
thanks to Dr. E. Hef ter for his valuable remarks and 
Dr. Jozef Kukielka for his interest in this paper. 

Appendix 

From the picture (Fig. 1) it follows that Newton 
equat ion takes the form 

R2 — r2 2 
Qm I a<p- — (R- r)tt 

d cp 
= qlRdcp-plrdcp+2ot sin - y - (R - r) / , (A. l ) 

Fig. I. 

where oe is an average tension. After some calcula-
tions we obtain 

-y- (2r + h) h h„ = q(r + h) -pr+oeh. (A.2) 

a e and h can be calculated via the Lame method 

ov = 
- b 2 qb2-a: h+B (qC-h- B)a2b2 

C 
+ 

C(r + h) r 

h = Cp- B. 

From (A.2), (A.3) and (A.4) one gets (1.3). 
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